This paper introduces the concept of on-chip temporal optical computing, based on dispersive Fourier transform and suitably designed modulation module, to perform mathematical operations of interest, such as differentiation, integration, or convolution in time domain. The desired mathematical operation is performed as signal propagates through a fully reconfigurable on-chip photonic signal processor. Although a few number of photonic temporal signal processors have been introduced recently, they are usually bulky or they suffer from limited reconfigurability which is of great importance to implement large-scale general-purpose photonic signal processors. To address these limitations, this paper demonstrates a fully reconfigurable photonic integrated signal processing system. As the key point, the reconfigurability is achieved by taking advantages of dispersive Fourier transformation, linearly chirp modulation using four wave mixing, and applying the desired arbitrary transfer function through a cascaded Mach-Zehnder modulator and phase modulator. Our demonstration reveals an operation time of 200 ps with high resolution of 300 f s. To have an on-chip photonic signal processor, a broadband photonic crystal waveguide with an extremely large group-velocity dispersion of 2.81 × 10 6 ps 2 km is utilized. Numerical simulations of the proposed structure reveal a great potential for chip-scale fully reconfigurable all-optical signal processing through a bandwidth of 400 GHz.
Introduction
It is more convenient for an integrated photonic structure to perform any mathematical operations, such as convolution with an arbitrary function and pulse shaping, in time domain [1, 2, 3, 4, 5, 6, 7] . Therefore, analog optical computing has gained widespread applications in optical communication and real-time spectroscopy for processing optical signals in time domain.
One of the most important features in digital signal processing (DSP) is the processing speed, mostly restricted by the electronic sampling rate. In an optical network, signal processing is carried out by DSP, which is responsible for electronic sampling, as well as optical-to-electrical (OE) and electrical-to-optical (EO) conversions. As an approach to achieve power-efficient and high-speed signal processing capability in an optical network, we can implement signal processing unit directly in the optical domain using a photonic signal processor to avoid the need for electronic sampling and OE and EO conversions [8, 9, 10] .
So far, numerous photonic signal processors have been proposed based on either discrete components or photonic integrated circuits [8, 9, 10, 11, 7, 12, 13, 14, 15, 16, 17, 18] . Photonic signal processors based on discrete components, such as fiber-bragg-grating [3, 17, 18] , usually have good programming abilities but are bulkier and less power efficient, whereas a photonic integrated signal processor has a much smaller footprint and a higher power efficiency.
A photonic signal processor can be used to implement various types of applications, such as optical pulse shaping [19] , arbitrary waveform generation [8] , temporal integration [14] , temporal differentiation [15] , optical dispersion compensation [13] , and Hilbert transformation [20] . These functions are basically the building blocks of a general-purpose signal processor performing signal generation and fast computing. Fast computing processes, such as temporal integration, temporal differentiation, and convolution facilitate important applications [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31] . For example, a photonic integrator, as a device that able to perform time integral of an optical signal, has a key role in dark soliton generation [21] , optical memory [22] , and optical analogdigital conversion [23] . Moreover, a photonic temporal differentiator [26] , as a device performing temporal differentiation of an optical signal, is employed for all-optical Fourier transform [27, 28] , temporal pulse characterization [29] , and the demultiplexing of an optical time division multiplexed (OTDM) signal [30] , for example. Although the photonic implementations of these functions have been reported so far [14, 15, 16, 24, 26] , an optical signal processor is usually designed to perform a specific function with no or very limited reconfigurability. For general-purpose signal processing, however, a photonic signal processor is desired to perform multiple functions with high reconfigurability [1] . In [1] , the reconfigurability is achieved by controlling the injection currents to the active components (i.e. semiconductor-optical-amplifiers) of the signal processor which still yields specific functionality such as differentiation, integration, and Hilbert transform. Consequently, applying any new frequency transfer function or spatial transformation requires a new complicated design of the structure.
Therefore, implementing arbitrary transfer function in time domain is worth to be noticed. Pulse shaping has been performed before by transferring the signal from time domain to spatial domain and applying appropriate filters in spatial domain [7] . Nevertheless, as the main drawback of these structures, they necessitate precise optical alignment procedure for fiber optic applications, in which light must be coupled with low loss out of and back into single-mode optical fiber.
To address above limitations, in this paper, a general time-domain analog optical computing structure is proposed which can be implemented in an integrated photonic system. The proposed structure which is of a very small size, provides the possibility of highly compact, potentially integrable architectures within much smaller volumes and, in some cases, over sub-wavelength length, ensuring controlled manipulation and processing of the incoming signal. As a novel idea, we proposed a structure that takes advantages of dispersive Fourier transformation to implement any arbitrary transfer function by a simple timemodulation in the frequency domain. In other words, our work is the time domain counterpart to the idea proposed in [32, 33, 34] which performs analog optical computing in spatial domain using lenses and metasurfaces.
Dispersive Fourier transformation has thus far been utilized for separating the frequency components in time domain in order to overcome the slow response of the detector [35] or low speed of the electro-optic phase modulator used for pulse shaping [17, 18] . Nevertheless, no analog optical computing, i.e., computational Fourier transformation, has been performed based on a dispersive Fourier transform structure. Still, the use of dispersive Fourier transformation in analog optical computing requires specific considerations. To make the structure implementable in an integrated photonic system, we implemented the dispersive Fourier transformation [35, 36, 37] with an on-chip structure with high group-delay-dispersion (GDD) benefiting from time lens for chirp modulation [38] . Moreover, time-domain modulation for multiplying the signal and arbitrary transfer function in frequency domain can be performed through a cascaded Mach-Zehnder modulator and optical modulator [39, 40] .
The paper is organized as follows: A review on dispersive Fourier transformation and time lens is discussed in section 2. Section 3 present the proposed temporal analog optical computing structure. Simulation results are discussed in Section4; Section 5 concludes the paper.
A Review on Dispersive Fourier Transformation and Time Lens
Time-domain Fourier transformation has been implemented through passing light via dispersive media [36] . Dispersive Fourier transformation (DFT) maps the broadband spectrum of a conventionally ultrashort optical pulse into a time stretched waveform with its intensity profile mirroring the spectrum using chromatic dispersion. It is known that a dispersive element can be modeled as a linear time-invariant (LTI) system with a transfer function given by
, where |H(ω)| and ϕ(ω) are the magnitude and phase response of the dispersive element at angular frequency ω, respectively. Mathematically, the phase response ϕ(ω) can be expanded in Taylor series. This dispersive element is conventionally a long length single mode fiber [35] . The propagation of an optical pulse through a dielectric element with up to the second-order dispersion coefficients (assuming negligible higher-order dispersion coefficients within the bandwidth of interest) can be described with the following transfer function and impulse response:
where |H(ω)| is engineered to be constant or have weak dependence to the angular frequency and ϕ(ω) equals to β(ω)L where β(ω) and L are propagation constant and waveguide's length, respectively. The stretched pulse can be therefore approximated by [41] :
setting τ R = τ +β 0 L we have:
to compensate for the term e
, the input signal, x(t), is modulated with a quadratic phase modulation as follows:
where a is the chirp factor. By considering a =
2β0L
we yield the following equation for y(t):
where X(ω) = {x(t)}, is the Fourier transform of the input pulse. This phase modulation is significantly larger than the 10π possible phase shift using an electro-optical phase modulator, and therefore an alternative scheme can be realized using a parametric nonlinear wave mixing process such as four wave mixing [38] . In this approach, a Gaussian pump pulse propagates through a dispersive medium with a GVD equals toβ p and length of L p that is much longer than the dispersion length of the pulse. As a result, the pulse undergoes temporal broadening and is linearly chirped. The broadend linearly chirped signal which is proportional to e j τ 2 2βpLp is then used in the four wave mixing process as the pump pulse. The output signal denoted as idler in the four wave mixing can be filtered and it is calculated as follows:
where E idler (t), E pump (t), and E input (t) are the output, pump and input electric field amplitude in the four wave mixing process. The output electric field frequency, ω idler = 2ω pump − ω input , is obviously different from the input and the pump frequency. This frequency could be separated in the output through using a bandpass Brag filter. It should be here mentioned that, the chirp phase modulation could be avoided by making the term τ R 2 /2β 0 L << 1 , for all values of τ R between 0 and pulse duration, T . This is possible if and only if a long length of the dispersive medium and/or a large group velocity dispersion (GVD),β 0 is used.
To summarize, it is clearly noticeable from Eq. (5) that the output temporal pulse envelope is proportional to the Fourier transform of the input pulse multiplied by a phase factor. In this way, DFT or dispersion-induced frequencyto-time mapping could be obtained through a dispersive media. This process is schematically shown in Fig. 1 .
Proposed Temporal Analog Optical Computing Structure
In the proposed temporal analog optical computing structure, we have utilized Green's function method to implement arbitrary time-domain operations such as integration, differentiation, and convolution. Considering the input time-domain signal as y(t), the output signal, o(t), of the system with Green's function g(t) is computed as follows:
which is the well-known convolution operation. This operation can be written in Fourier domain as a simple multiplication:
where, tilde indicates the Fourier transform of signals and f t represents the temporal frequency variable. Based on this basic mathematical relation, the well as the optical modulator will be designed and analyzed in the following subsections.
Recipe for temporal FT and IFT
Considering the DFT structure discussed in Section 2, we require a constant or linear second order dispersion coefficient. In other words, we should engineer the waveguides GVD through tailoring the dimensions of the waveguide cross section. The GVD for a given waveguide cross section can be approximated as the sum of materials GVD and its waveguides GVD (Fig. 3) . While the materials GVD is typically normal (β 0 > 0) at short wavelengths and anomalous (β 0 < 0) at longer wavelengths, the waveguides GVD exhibits the opposite behavior. Thus, by adjusting the waveguide cross section, the waveguide dispersion can be tailored to engineer the total dispersion, as shown in Fig. 3 . This waveguide can be a single mode fiber [35] , linearly chirped fiber-brag-grating (FBG) [41] , silicon nitride waveguide [43] , or photonic crystal waveguide [44] .
All these waveguides have the capability of coupling an optical signal passing through an optical communication line to and/or from them through tapered couplers [45, 46] . Furthermore, they can have linear or constant GDD in the optical communication spectrum. Constant GDD,φ 0 =β 0 L = C , means that the group delay, ∆τ =β 0 L is a linear function of frequency:
thus the time-frequency mapping is linear meaning that the resultant frequency samples are placed uniformly in the time domain which leads to uniform F T .
Still, linear GDD, i.e. nonzero and constant φ 0 (3) = β 0 (3) L = C , leads to nonlinear functionality of group delay versus frequency: The diameter of SiO2 pillar is 250nm. Thin SOI layer (lOOnm thickness) serves as host medium for the PC layer, and buried oxide layer with 1µm thickness in SOI wafer as bottom cladding [47] . * Different waveguide length in parenthesis is selected for easy comparison. 
whereõ(f t ) is the input to the IF T block and s(t) is the final output which is equal to its IF T and thus based on Eq. (6) is the convolution of the input signal and the desired Green's function that is injected to the optical modulators input. The explanation of the used optical temporal modulator structure for performing multiplication and the analysis of the whole structure will be presented in the next subsections.
Optical modulator
Integrated optical modulators with high modulation speed, small footprint and large optical bandwidth are poised to be the enabling devices for on-chip optical interconnects [48, 49] . Here, for optical modulation, a cascaded silicon Mach-Zehnder Interferometer (MZI) optical modulator is utilized [50] . MZI configuration is implemented using optical waveguides and Y-branches as beam splitters as shown in Fig. 2 . In these structures, the waveguides output signals will be interfered constructively or destructively upon having zero or π radian phase shifts. Using MZI configuration, an optical switch can be made by in- Figure 7 : Schematic of the p-n junction implemented in an MZI Optical-modulator [50] . Increase in reverse bias of p-n junction leads to wider depletion region and refractive index increment.
troducing a phase shift in the other waveguide as the voltage changes. In this structure, a p-n diode is constructed inside an optical waveguide as a phase shifter. The reverse bias on the p-n diode creates a depletion region which changes in size as a function of voltage as shown in Fig. 7 . The change in the number of carriers namely electron and holes in the waveguide introduces a small change in refractive index and accordingly lead to an optical phase shift and hence modulation. As this effect is very fast, p-n junction is used to construct a high-speed modulator by placing it inside an interferometer. Therefore, the modulator implemented by a MZI and a p-n junction on an arm of Ybranch is discussed here. Electrical signal is applied to p-n junction. Applying reverse voltages to the p-n junction leads to phase shifts between waveguides and ultimately the objective zero to π phase shift between two different paths is achieved. Continuous laser light is fed as the input and the modulation signal is provided electrically with as fast as 50 Gb/sec rate.
Limitations and Analysis
In this subsection, proposed analog optical computing structure is analyzed in view of repetition rate of the input optical pulses, band-width, the required waveguide length and the frequency-change-rate of the quadratic phase modulation coefficient. (5) and given that the pulse-repetition-rate, R, should be less than the inverse of group delay dispersion, ∆τ −1 , the 500 GHz bandwidth allows us to have the maximum pulse repetition rate of 0.1 T Hz as follows:
which, implies pulse duration of less than 0.1 psec. On the other side, the maximum bandwidth of the existing modulators is potentially more than 50
GHz corresponding to input pulse duration of less than 0.02 nsec, which may limit the communication rate. However, as this field is developing, by having modulators of higher bandwidth, we can use the proposed structure for highspeed optical communication.
As an important parameter, the length of the dispersive medium should be considered which in an integrated system should be as short as possible.
According to Eq. (4), the input signal is modulated by a quadratic phase factor
. Given thatφ 0 = Lβ , the required length of the dispersive medium is obtained as follows:
value of the group velocity dispersion,β, depends on the type of the dispersive medium and varies between 26.8 ps 2 /km for single mode fiber (SMF) to 5 × 10 7 ps 2 /km for a LCFBG as represented by the slope of dispersion curves in Fig. 6 . According to LCFBG value and given that for a T = 10 ps input pulse the chrip phase modulation factor, b, should be larger than (
hence, the length of the waveguide could be chosen to be approximately as small as 1 mm. Therefore the chirp phase modulation factor can be adjusted with respect to GVD in a way to reduce required waveguide length making it practical for on-chip implementation. It is worth to mention that in LCFBG, the refractive index profile of the grating is chirped so that different wavelengths reflected from the grating undergo different time delays, thus leading to a large GVD (Fig. 4) . The advantage of the LCFBG for DFT is its short length and ability to customize the amount of GVD easily, while its disadvantage includes groupvelocity ripples [35] . Theses ripples in turn will be noticed in time-frequency curve of the LCFBG as shown in Fig. 6(b) . Thus, the effect of these ripples on the output signal is important and leads to a non-ideal Fourier transform. It is also important to note that since the product of the total GDD, ∆τ , and the optical bandwidth, ∆ω, should be less than the repetition period of the laser, for a given laser repetition rate and large bandwidth, there is an upper limit on the amount of GVD [35] .
Simulation Results
In this section, different Green's functions corresponding to a differentiator and an integrator, as well as a Green's function of an arbitrary shape, are implemented through the proposed structure. The simulations are performed using commercially available softwares, i.e. Lumerical Mode Solutions and MATLAB.
As discussed in the previous section, a linear and positive slope group delay with respect to wavelength, representing as LGD (+) , performs Fourier transform on is usually comparable to L W , it stands to reason that a corresponding shift be obtained in linearly chirp modulation as discussed in section II. Finally, the proposed optical computing structure is schematically illustrated in Fig. 8 .
In order to implement the first-order differentiation by the proposed structure, the Green's function produced by the modulator should obey the following relation:g
which, when multiplied by the F T of the input signal resulted from the dispersive waveguide with positive GVD and then passed through the other waveguide with negative GVD for performing IF T , yields the first-order differentiation of the input. k t0 is added to avoid zero multiplication at t = 0. To implement the n-the order differentiator, we can put these temporal optical computing (TOC) blocks in series or change the Green's function in the modulator as follows:
For the integration operation, the Green's function produced by the modulator should beg
where, d is the normalization constant which avoid the modulator gain requirement. Accordingly, Eq. (16) is truncated at d and then is applied to the modulator. Although this truncation slightly distorts the low frequency component of the integrator output, its effect can be compensated to a good extent following the method discussed in [34] . It is worth noting that the n-th order integrator can also be accomplished using these TOC blocks in series or by change the
One of the most important operation in the optical computing regime is convolution [1, 2, 3] . For example, an image can be sampled in time and goes through a convolution structure for edge detection [1] . Convolution with an arbitrary kernel can be described as:
where, z(t) is an arbitrary kernel. for integration, differentiation, and convolution operations, respectively. Perspective view of operations are shown by plotting logarithmic amplitude versus delay and distance in Figure 9 (b,e,h,k). This perspective view demonstrates the temporal focal length and time to frequency mapping behavior of the input optical pulse propagating through a dispersive medium.
validation and considerations

Distance and Chirp Modulation Duality
The length of a dispersive waveguide, translated to its focal length in DFT usage, can be approximated as follows [37] : , from Eq. (4):
As discussed in section 3.C, given thatβ w has a relatively small value, a long waveguide is required to implement Fourier transformation. Still, increasing the value of b helps decreasing the waveguide length to practical values required for photonic integrated circuit implementation. The limiting factor is the input pulse width which imposes a lower limit on the value of chirp coefficient, b. In fact, the chirpyness factor, b, should be large enough to guarantee that enough number of different frequencies, as well as, enough number of periods in each frequency fall in the pulse duration time. As an example, for our waveguide withβ equal to 1.043 × 10 9 ps 2 km , a pulse width of 100 ps imposes the lower limit of ( . Another important factor that should be considered is the operation length which applies the lower limit on the waveguide length. The operation length is defined as the length of the generated chirp pulse ready for multiplication which should be larger the maximum required length for computation.This limitation means that τ operation > τ max , which coresponds to 
where Ω p and T are the spectral bandwidth of the pump pulse and the input pulse width, respectively. In order to calculate the minimum wavelength for the signal and pump waveguide, all of the aforementioned equations should be considered. The minimum length for the waveguide enforce that L w = L p resulting inβ p =β w .
Linear Schrödinger Equation
Linear Schrödinger equation is a classical field equation which describes temporal behavior of light in optical fibers or planar waveguide with no nonlinear property [50] . Classical form of this equation can be derived from Maxwells equation with some simplifying assumptions, such as having no charge in the structure and zero current density, as follows [51] : 
Conclusion
We have designed and demonstrated a fully reconfigurable photonic integrated signal processor based on a dispersive Fourier transformer and time lens.
The optical temporal signal processor can be reconfigured as a photonic temporal integrator, differentiator, and convolution operator, as the basic building blocks required for general-purpose signal processing. The proposed photonic signal processor can be used to perform any arbitrary mathematical operation which can be modeled by a transfer function. The in-depth analysis of the work was also carried out revealing 100ps operation time and a high resolution of 300f s. In particular, our work suggests a fully reconfigurable high speed general-purpose photonic signal processor overcoming the inherent speed limitation of electronic signal processors.
